Introduction
Many advanced manipulator control schemes are based on an inverse dynamics calculation of the nonlinear manipulator dynamics. These inverse dynamics algorithms use the knowledge of the current joint positions and velocities, the desired joint accelerations, and the inertial parameters of each link to calculate the required actuator forces. Each link of a manipulator has 10 different inertial parameters. They are the mass, the three components of the center of mass vector times the mass, and the six unique components of the moment of inertia matrix. However, not all of these parameters are actually present in the manipulator dynamic equations of motion, and the complexity of these equations makes it very difficult to determine which are present and which are not. The main objective of this article is to develop a method for finding a set of independent inertial parameters required for a complete model of the manipulator dynamics.
Several authors have addressed the problem of determining which inertial parameters are identifiable (Neuman and Khosla 1985; I~hosla and Kanade 1985; Atkeson et al. 1986; Khalil et al. 1986; Mayeda et al. 1988 Mayeda et al. , 1989 Khalil 1988a,b, 1989) .
A popular method proposed by Khalil and co-workers (1986) is to expand the Lagrangian formulation symbolically and use physical properties of the equations to obtain a solution. For serial-link manipulators, the method has been used to determine the number of independent parameters of a particular manipulator. Khalil (1988a, 1989) have developed a direct method using recursive symbolic expressions of the inertial parameters for both serial-link and tree-structured manipulators. The method is superior to the previous method (Khalil et al. 1986 ), since a closed-form solution and an upper bound for most of the parameters are obtained. Mayeda et al. (1988 Mayeda et al. ( , 1989 use symbolic Lagrangiar equations to obtain the minimum number of inertial parameters. The results apply to manipulators with rotational and translational joints and whose consecutive rotational joints are parallel and perpendicular. Again, their method is applied only for serial-link robots. Gautier and Khalil (1988b) Proof.~ The rate of change of the total energy is:
Therefore the change in energy over a time interval tl to t2 iS:
Conversely, from equations (5) and (8), (Klema and Laub 1980) . Alternatively, H is considered to have rank k if O-k2 + + ui+2 + ~ ~ ~ o ioN)'~2 is less than the square root of the machine precision (Stewart 1973 Because not all inertial parameters affect the dynamic equations of motion, the true inertial parameters can be replaced by a set of independent inertial parameters to reduce the computational load.
In the previous section, the essential parameter for the dynamic equations of motion was found; however, the number of nonzero elements of the EPV could be greater than k, the dimension of EPS, or the number of independent inertial parameters. Moreover, the computational cost of the inverse dynamics depends on the number of inertial parameters present in the dynamic equations. Therefore the use of the EPV does not necessarily reduce the computation burden of the manipulator dynamics.
To reduce these computations, the EPV must be transformed into an independent inertial parameter vector that has at most k nonzero independent components. The transformation between the two vectors is formulated in this section. Figure 3 as However, the independency is determined by the geometric structure of the manipulator. The essential inertial parameter vector DE is then transformed to the independent inertial parameter vector D, using equations (25) and (26). The result is 
A Graph-Structured Manipulator
In this second example, we focus on the semi-directdrive manipulator (Asada and Youcef-Toumi 1983) shown in Figure 5 . This manipulator has three actuators on its primary joints with a five-bar linkage structure forming a closed kinematic chain.
A Basis for the Essential Parameter Space As for the serial-link manipulator, 101 random samples of the primary joint positions p and velocities p were used to compute the H coefficient matrix in equation (13) . The ranges of the primary joint positions and velocities are listed in Figure 3 as a function of s. It can be seen from this figure that the %error is less than 0.5% by only using 11 components of the inertial parameters and less than 0.1% by using 17 components. From Figure 3 , we see that some basis vectors affect the semi-direct-drive manipulator dynamics more significantly than other basis vectors.
The Effect on Computed Torque. We approximate the IPV by only using the ai corresponding to the first s j6,. Using the parameter vector we computed the actuator torques resulting from sinusoidal joint trajectories. Figure 6 is a plot of the computed torque for joint 2 resulting from a sinusoidal joint trajectory. There are four plots in the figure. The first is the torque computed using the actual param- (Asada and Youcef-Toumi 1983). However, it contains a closed kinematic loop and has more links than a serial-link manipulator. For the same mobility (3-DOF motion of its end point), it is very interesting to know how much the computational load would be increased by using the semi-direct-drive arm instead of using a The results are shown in Table 13 . As can be seen, the serial-link manipulator has only 16 independent inertial parameters, whereas the semidirect-drive manipulator has 26 independent inertial parameters. (1985) , the dynamic equations of the semi-directdrive arm can be simplified by decoupling the inertial tensor and making it configuration invariant to improve the high-speed dynamic performance for When applied to the PUMA 560 manipulator, it was found there were only 36 independent inertial parameters, compared with 60 total parameters. This result is consistent with previous works by Gautier and Khalil (1988a) and Mayeda et al. (1988) . The semi-direct-drive manipulator, on the other hand, has 26 independent inertial parameters.
In addition to determining the independent inertial parameters, the method provides a method of simplifying the manipulator model by only using those parameters that have the greatest effect on the manipulator dynamics. Thus when applied to the computed torque problem, it was found that 34 components are needed to obtain a very good approximation of the actual torque for the PUMA 560 manipulator. In comparison, the semi-direct-drive manipulator needs only 20 components to obtain a very good approximation of the actual torque.
A comparison of a 3-DOF serial-link manipulator and a 3-DOF graph-structured manipulator was presented. It was found that the number of independent inertial parameters was only eight for the serial-link manipulator, compared with 26 for the graph-structured manipulator. Therefore to overcome the drawbacks of direct drive arms, the semi-direct-drive arm requires a more complex mechanism at the expense of its computational efficiency.
Future work will be directed toward the application of the results. One application is in manipulator design. Once the kinematics are chosen for a particular manipulator, the effect of adding mass to any link could easily be determined by finding the projection of its associated inertial parameters onto the essential parameter space. An optimum design would be one that minimizes these components. The second application is in inverse dynamics. Because the number of independent inertial parameters is significantly less than the total number of the inertial parameters, the dynamic equations could be formulated using the independent parameters to minimize the computational load. A third application is in parameter identification. By formulating the manipulator system energy as a function of primary joint variables, the energy difference equation can be easily applied to identify serial-link manipulators, graph-structured manipulators, and the interacting tasks of the manipulators. The independent inertial parameters are the only unknowns of the dynamic model to be identified and are completely identifiable.
